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Abstract 

We consider the equation i?„ — Q„ + M„i?„_i, with random non-i.i.d. coefficients 



(Qn,M„) 



and show that the distribution tails of the stationary solution to this 



equation are regularly varying at infinity. 
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1. Introduction and statement of results 



1.1. Outline 
Let {Qn,M„ 



be R^-valued random pairs and consider the recursion 

Rn = Qn + MnRn-l, « G N, i?„ G M. 



(1) 



This equation has a wide variety of real world and theoretical applications, see ([Embrechts and Goldie 
1994 : Vervaad . 19791 ). Sufficient (in fact, close to necessary) conditions for i?„ to converge 



in law , independently of Rq, to R = Qq + J2'^=i Q-n TVi=o ^'^-jj can be found in ([Brandt . 
198fih . 

The distribution tails of were shown to be regularly varying in ( Kestenl . 19731 
Goldie, 1991 : Grinceviciusl 1975t Grevl 1994 ) provided that th e pairs (Qn, Afn)nez form 
an i.i.d. sequence. In the setup of (jKeste nL ll973t[Goldi3 .[ 199ll) the tails are in fact power 
tailed. Recall that / : M ^ M is called regularly varying if f{t) = t°'L{t) for some a G K 
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where L{t) is a slowly varying function, that is L{Xt) ~ L(t) for all A > 0. Here and 

henceforth f{t) ~ g{t) (as a rule, we omit "as t — >• oo") means limj^oo .f(t )/q(t) = 1. 

The mech anisms l eading to regularly varying tails of R are different in (jKestenl . Il973t 
Goldid . 1 199 11) versus ()Grinceviciusl . Il975l: iGrevl . Il994l) . In the former case, there exists a 
critical exponent a such that E{\Mn\") = 1 and E{\Qn\") < oo. Then, R is heavy tailed 
essentially because of one atypical fluctuation of S'„ = J27=o losl^^-iL which follows 
from renewal arguments for S'„ under exponential tilt. Remarkably, while no particu- 
lar tail behavior is assumed on inputs, exact power law tails appear in the output. In 
contrast, the critical exponent is not available in the latter case, where the tails of Qn 
are assumed to be regular varied. The second case thus provides an instance of the phe- 
nomenon "regular variation in, regular variation out" for ([Ij. This setup is appealing 
because it enables one to gain insight into the structure and fine properties of the se- 
quence (Rn) nGti, including the asymptotic behavior of its p artial sums and extremes, see 



quence [Unj npfi, mcmamg tne asymptotic oenavior oi its partial sums ana extremes, see 
for instance (Ide Haan et aL . 19891 : jPavis and Hsine . 19951: Kqnstantinides and MikoschL 



2005t iRachev and Samorodnitskvf . fl995t iRastegar et all . 12010^ 



The goal of this paper is to study ^ with non-i.i.d. c oefficients. The extension 
is desirabl e in m any, especially financial, applications. See (jPerrakis and Henin . 1974 : 



Collamor3. 2009f l. We remark that an extension of th e main resu l t of (Kesten 
Goldid. Il99lir to a Ma rkov setup has been obtained in (|de Saportal . iRoiters 
20071 : ICollamor3 . l2009h . 



1973; 



rtein 



Definition 1.1. The coejficients ((5n,M„)„gz ire said to be induced by a sequence of 
random variables (X„)„gz, each valued in a countable set if there exist independent 



random variables {Qr, 
are i.i.d. 



.Mr, 



such that for a fixed i G I?, {Qn,ii Mn 



Qn — ^ Qn,j'l{X„=j} — Qn,X„iMn = ^ Af„jl{x„=j} = Afn,X„ , 

and {Qn,i, Mn,i)n(iz,i<£V is independent of {Xn)nez- 



(2) 



Note that if is a finite Markov chain, then ([2]) defines a Hidden Markov Model 

(HMM), see ( Ephraim and Merhav . 2002f ) for a s urvey of HMM and their applicat ions. 
Heavy tailed HMM are considered for instance in (jResnick and Subramanianl . 119981 ). see 
also references therein. 



1.2. Markov-dependent coefficients: regular variation in, regular variation out 
First, we will impose the following conditions on the coefficients in ([T}. 

Assumption 1.2. Assume that the sequence {Qn,i, Mn,i)nez.ie'D G IK^ is induced by a 
stationary irreducible Markov chain (X„)„gz on a countable state space V. Furthermore, 
suppose that there exists a constant a > s. t.: 

(Al) There is a slowly varying function L{t) and two sequences of constants {q'f'^)i^T>i 
7y e { — 1, 1}, such that liint^oo ^^t-""L{t)^^ ~ uniformly in i ^T>. Moreover, we have 
T,jevlf ^ > a"-^ supjg-pmax{gj^',(7^^"^^} < oo. 

(A2) There exists /3 > a such that supjgp 



(A3) Letmf' = £;(|Mo,i|"I{Afo .■»j>o}) , = m\ + mY>. Thensnprrn < 1. 
(A4) linie^o+ PiMi^, < e) = P{Mia < 0) uniformly inieV. 

Let Bf, = {x = {xn)nev ■ sup„gp l^^nl < +00} C be equipped with the norm 
||x|| = sup„£2? \xn\- Let H be transition matrix of the stationary backward chain X^n, 
that is H{i,j) = P{Xn = j\Xn+i = i)- Define matrices G^, 77 g { — 1, 1}, as G,f{i,j) — 
rnf'^H{i,j) and set G{i,j) — miH{i, j), i,j G 2?. The spectral radius of G (operator in 
Bb) is less than 1 by (A3). 

Under Assumption 11.21 the tails of R and Qq have similar structure. Denote q'''^ = 



(gD.eP' "^^"^ - H").ev^ V e {-1, 1}, and q = q^) 

Theorem 1.3. Let Assumvtions \1.°A hold and suppose that P{Mo^i > 0) = 1 for all 

i e V. Then, for all i G V, P{R > t\Xo = i) ~ Kit-°'L{t), where K = {K,),ev e Sfc is 
defined by K = {I ^ G)-^q^^\ 

Theorem 11.31 yields its analog without the restriction P{Mo > 0) = 1. 

Theorem 1.4. Let Assumwtion[rB hold. Then, P{R-r] > t\Xo = i) - K'>''k-"L(t) for 
rj G { — 1, 1}, where K*^''-' — € B^ are given by 



V 



(/-G+ + G_)-l(q«-q(-l); 



Theorem 11.31 and 11.41 are proved in Sections [2] and [3l respectively. 

1.3. Kesten's power law for coefficients induced by chains of infinite order 
We next consider coefficients induced by process with infinite memory. 

Definition 1.5. A C-chain is a stationary process {Xn)ne'L taking values in a finite set 
(alphabet) V> such that 

(i) For any ii,i2, . . . , i„ G P, P{Xi = ii,X2 = i2, ■ ■ . ,Xn ^ in) > 0. 

(a) For any ig E V and any sequence (i„)„>i G , the following limit exists: 

lim P{Xq = io\X^k ^ik, l<k<n)^ P{Xo - io|^-fe = ik, k> 1), 

n— f 00 

where the right-hand side is a regular version of the conditional probabilities. 
(Hi) (fading memory) For n > let 

P{Xo = io\X-k = ik, k>l 



sup 



1 



ik^ jk, k = l,...,n 



P(Xo-jo|A_fc=jfc, k>l 

Then, the numbers 7„ are all finite and limsup„ log7„/n < 0. 

C-chains are a particular case of chains of infinite order (cha ins with complete con- 
nections), see e.g. ( Kaiiser . 1981 : losifesku and Grigore skul 'l99 pl). T he distributions of 
C-chains (a particular case of g- measures introduced in (.Keana . Il972n ) are Gib bs states 
in the sense of Bow en (also known as Dobrushin-Lanford-Ruelle states), see e.g. (jBowen . 



19751 : iLallevl . 119861) . 



We have, see also ( Berbed . 1987 ; Fernandez and Maillard . l2004l) . 
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Theorem A. / Lallei . 198A ) Let {Xn)nez be a C-chain with alphabet V, S = Un>i 
and Q : S ^ T> be the projection into the last coordinate, i.e. C((si, . . . , s„)) = s„. 
Then (in an enlarged probability space) there exist a stationary irreducible Markov chain 
{Yn)nGi, on S, and constants r G N, (5 > 0, s. t. the following Markov representation 
holds: Xn ~ C{Yn), G Z. 

Furthermore, for any {yn)neti G o.iT'd s G N, 

(i) P{Yn+i = {xi,X2, . ■ . ,Xt)\Yn = (yi,2/2, • ■ • , 2/s)) = unlcss either i = l ort = s + l 
and Xi — yi for all i < s, 

(ii) F(y„+i = (2/)|r„+i G P, r„ = (yi,j/2, • . • , Vs)) = P{Yo - {y)\Yo G V). 
(Hi) P{Yn+i G V\Y„ = (yi,i/2,---,2/mr)) = for allm G N. 

Moreover, without loss of generality, we can assume that 



(iv) r is even (see the beginning of the proof in tiLalleu . \198d . p. 1266)). 
The following result is proved in Section H) 

Theorem 1.6. Assume that the coefficients {Qm Mn)nei- induced by a C-chain 
{Xn)nez- Furthermore, suppose that 

(i) \Qo\ < Qo and niQ^ < \Mo\ < mo, a.s., for some constants qq > 0, toq > 0- 

(ii) A(/3) limsup i log-E ( 0"=o^ l-^il*^ ) ^ changes its sign in (0, oo). 

(Hi) P(log |Mo| = (5 ■ fc for some k G Z|Mo / 0) < 1 for all S > 0. 
Let X = (A"„)„>o. Then, with a > defined below in (|4|); 

(a) lini ■ ry > t\X) = KJX) for some bounded K„ : R+, 77 G {-1,1}. 
Moreover, the convergence is uniform on X. 

(b) IfP{Mo < 0) > then P{Ki{X) = K^i{X)) = 1. 

(c) IfPiQo > 0,Mo > 0) = 1 then P{Ki{X) > O) = 1. 

(d) For T] G {-1, 1}, ifP{Kri{X) > O) > then P{K.^{X) > O) = 1. 

(e) P{Ki{X) ^ K^i{X) ^Q) iff there is a function T : 2? ^ M .s. t. 

P{Qo + r{Xo)Mo - r(Xi)) = 1. (3) 

Moreover, if P{Qo,i ~ Q,Mo^i = nfj < 1 for all pairs {q,m) G and any i ^T>, then 
P{Ki{X) = K^i{X) = 0) = 1 iffP{Qo + cMo = c) = 1 for some c G R. 

It turns out (see below, in Sectional) that the limsup in (ii) is in fact a limit, and the 
parameter a > is (uniquely) determined by 

A(a) = , where A(^) = lim - \ogE (l£~o\M,f) . (4) 

ri-i-oo n \ I 

We remark that condition ([3]) is a natural generalization of the criterion that appears in 
the i.i.d. case, see Theor em B in Section IH below. 

Following the idea of (|Maver-Wolf et al l l2004l ). Theorem [m is obtained in Section 0] 
rather directly from its i.i.d. prototype (cited as Theorem B below) by applying a 

4 



Doeblin's "cyclic trick" and associating R to a linear recursion w ith i.i.d. coefficients. 
Though a reduction to the main results of ( Roitershteinl . 2007 ) is possible, it would 
anyway entail considerable extra work. The approach taken here enjoys the finite range 
and mixing pr operties of in ad dition to the existence of y„. It is much "lighter" than 
those used in ()RoitershteinL \200'^ for general Mar kov chains an d in (jde Saportal . 120051 ) 
for a finite state case, both built on techniques of ( Goldid . 1991 ). 

We conclude with the remark that, using the Markov representation for C-chains, it 
is straightforward to deduce the following from Theorem 11.41 

Theorem 1.7. Assume that the coefficients ((3„,M„)„gz o,re induced by a C-chain 
{Xn)n£Z- Furthermore, suppose that there exists a > such that: 

(i) There is a slowly varying function L(t) and two sequences of constants {ql^''^)i^T>, 
rj G { — 1,1}, such that for all n E Ij limf 



9. 



iv) 



P(Q^.i-v>t) 

t-^Lit) 

(a) There exists /3 > a such that supjgp E{\AIo^i\^) < oo. 

Let X = {Xn)n>o- Then, for some bounded function K^^\ rj G {—1,1}, we have 
P{R-r]>t\X) r-^ K(i^X)t-°'L{t), a.s. Moreover, P{K^^'> {X) O) > 0. 



2. Proof of Theorem HH 

The key to the result is Pro position 12.11 extending the corresponding statement in 
(|Grinceviciud . Il975t iGrevl . Il994l ). 

Proposition 2.1. Let Y be a random variable such that: 

(i) Y G cr(X„,Q„,„M„,, : n < 0,i G D). 

(ii) For 77 G { — 1, 1} there exist non-negative constants (cf^^^^xi ^'^^^ ^^^^ 
(a) iimt_j.oo t-^Lii) — ~ '^i ' uniform on i £ U. 



(b) supigp c|''^ < oo. 



Then lim 



P{Qi + hhY>t\Xt='i) _ (1) 



.(1) 



^ H{i,j)c'p uniformly on i eT>. 



jev 



Proof. Let (li)iex) be random variables independent of both {X„)nez, and {Qi,i, Mij)i^x>, 
such that P{Y, < t) = P(Y < t\Xo = i) for all f G M and i e V. It follows from 
P((Qi,Mi,y) G ■\Xi=t,Xo=j) = P((Qi,„Afi,„y,) G •) that 

P{Qi+AhY>t\Xi=i) = 

= J2 PiQi + MiY > t\Xi =t,Xa= ])H{i,j) 



jev 



Y,P{Ql,^ + M^,^YJ>t)H{i,j). 

jev 



(5) 



By (|Grevl . 11994 , Lemma 2), which is the i.i.d. prototype of our proposition. 



P{Ql,^ + Mi.,y, X) ^ t-^L{t){qY^ + cfUf^). 
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(6) 



To complete the proof, it suffices to sfiow that the convergence in ([6]) is uniform on 
To this end we decompose P{Qi.i + Mi ^Yj > t) into individually tractable terms, as in 
(|Grevl . I1994 Lemma 2). Fix e G (0, 1) and write 

P{Qia + Afi,,y, > t) = A!f^{i) ~ A^^it) + A^^{t) + A|5(t), where 



2/J 



= P(Qi,, < (1 - e)t, Qi,, + Mi,,y, > t) 
By (Al), i-a'i^f^i^ converges uniformly in i,j to g,- (1 + e)~". For A- write 

= P{Ql■^ > (1 + Qi- + Mi,^Yj < t; Yj < -et^ 
+P{Qi,, > (1 + e)t, Qi,, + Mi,,y, < t; Y,- > -et" 

< P(Afi,iY,- < ~et, Yj > ~et^) + P{Ql,^ > (1 + e)t, < -et^) 

< P(Mi,, > i"^) +P(Qi,« >(l + e)i)P(yj <-£t^). 

To obtain a bound on tending to zero uniformly on i,j G I? as < 00, we use 

(A2), Chebyshev's inequality P{Mi^, > t^) < E{mI.) -t^^, and the inequality 
P{Yj < -et^) < C{et^)~"L[et^), which is true for some C > in virtue of 

condition (ii) of the proposition. A uniform bound on which tends to as e — )■ 

follows directly from (Al). Finally, denote gj^t{a,b) = P{Yj > a~^{t — 6)), fix constants 
m > 1 and n > 1, and let a[^] {t) = A[f\t) + A\f\t) + A^Y^t), where 

Aj^^i) = E{9jAMl,z,Ql^t)l{Q,_,<(l-e)t}1{Mi,,>ni}) 

^iJ^V) -E'(ffi,t(A^l,i'<3l,i)I{Qi.,<(l-£)t}I{Mi.,<m}I{|Qi,i|>«}) 

^^iYHi) = -^(ffi.t(*^l,i' <3l.i)I{Qi., <(l-e)t}I{Afi,,<m}I{|Qi, ;!<«})• 

Note that < ■ t--Lit) ' I{Af:.>wJ- Hence, by con- 

dition (ii)-(b) of the proposition, "^I'l^l!^ < • ■~^^r(ty~~^-'-{A/i>m}) fo'^ some con- 

stant C > 0. By ()Grevl [l994. Lemma 1), for any S > there is -fiT = > such that 

supt^o ^L{t) — maxjA", if A"''} for all A > 0. Using A — M^Je and S — we obtain 



t-°'L{t) 
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Holder's inequality with p = q = yields 

< Ce-^E[{l + KM,,l )I{M,.>™}] 

< Ce — — E[{l + KT^ M^^) •2^]^P(Mi,i >m)— , 

where we used the inequality {x + yY < 2p^^(x^ + y^) which is valid for x,y > and 

p> 1. Since P(Afi,j > to) < m^l^E^M^-), it follows from (A2) that is uniformly 

bounded by a function of to which tends to zero when to oo. The term A[^^'^\t) is 
treated similarly, and we therefore omit the details. We next show the asymptotic of 
A\^f\t). If Qi., < (1 - e)t and Afi,^ < m, then M~l(t - Qi,^) > m-^et. Hence, in virtue 
of (Al) and condition (ii) of the proposition, we have P — a.s., uniformly on i,j 6 "D, 



gj,t{Mi^t, (3l,j)I{Qi,,<(l-£)t}I{A/i.,<m} 



t^oo Cj^^i{Mi_i<m}- (7) 



(M-i(i-Qi,,)) "L(M-i(t-Qi,,)) 
Furthermore, with probability one, uniformly on i G 2?, 

{^h,iit ~ Qi.i)) I{Jl/l,i<ni,IQl,i|<n} ^i^oo A^l^iI{Mi,,<m,|Qi, ,!<«}• (8) 

By (jBingham et all Il987i Theorem 1.2.1), we have a.s., uniformly on i G 2?, 

I{m-i<Afi,,<m,|Qi,.|<ri} " 5't-i-oo I{m- 1 <Mi,. <m, |Qi,, | <Ti} • (9) 

By (jBingham et all . Il987l Theorem 1.5.6), V (5 > 3 to = to(S) such that 
L{M-l{t-Q,,)) mt 

Estimates ([7))-([T(Il) along with assumption (A4) and the bounded convergence theorem 
show that lim — Cj E{AI^^ uniformly on □ 



To enable us to use Proposition 12. II iterativelv we need the following: 

Lemma 2.2. Let Y satisfy the conditions of Provosition \2.1l and let Y ^ Qi + MiY. 
Then Y satisfies condition (ii) of the proposition. 



Proof Apply Proposition lO to {Y,Qi,Mi) and (-F, -Qi,Mi). □ 
The next technical lemma is immediate from Proposition 12.11 and (A3). 



Lemma 2.3. 3 a random variable Z >0 satisfying the conditions of Provosition xKn s. 
t. P{Qi + MiZ > t\Xi =i) < P{Z > t\Xo = i),t>0,ieV. 

We are now in position to complete the proof of Theorem 11.31 
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Lemma 2.4. For all i G V, limsup '^'-'^ — - < - 

t^oo t Lit) 

Proof. Let Rq = Z, where Z is as in Lemma [^31 Then, for ah i > and i G 2?, we have 
P{Ri > t\Xi =i) < P{Ro > t\Xo = i). This yields: 

P{R2 > t\X2 ^(^2 + M2R1 > t\X2 = = j)Hii,j) 

jev 

= ^(^2,. + M2,.i?i >t\Xi^ ])HiiJ) 

< J2 + ^^i.^^ol^o - j)H{i,j) = > t\Xi =. i). 

jev 

Therefore P(i?2 > t\X2 ^ i) < P{Ri > t\Xi i). Iterating, we obtain 

P{Rn > t\X„ ^i)< P{Rn-i > t\Xn-i ^ i) , V n G N, i G P, t > 0. (11) 

By Proposition O - [q^^) + • • ■ + G''-^q^^'> + c*G"l] (i), where c* > is 

a constant such that P{Z > t) ^ c*L{t)t^'^ and 1 G K.''' has all components equal to 1. 
Since P{Z > 0) = 1, it follows from ^ that P(i?„ > t|X„ = i) > P{R > t\Xo = i) for 

n > 0. Hence, limsup^^^ " < (/ - G)-\'^^\i) for all ieV. □ 

Lemma 2.5. For all i G V, liniinft^oo ^ '"^ > " G)"^q^^H*)- 

Proof. Let 7^ = Q-i + M-1Q-2 + M_iAf_2Q-3 + . . . . Let i?o > be independent 
of iXn,Q^,n,M,^n)n>l,^ev, s. t. P(i?o > t) ^ P{TZ > 0,Qo > t) for t > 0. Then 
P{Ro > t\Xo = i) < P{Qq + MqU > t\Xo ^ i) ^ P{R > t\Xa = i). We will now use 
induction to show that for n > 0, 

P{Rn > t\Xn =i) < P{R > t\Xo = i) V f > 0, i G P. (12) 

Specifically, assuming (IT^ for some n > we obtain 

P(i?„+1 > t\Xn+l + Mn^l.^Rn > t\Xn = j)H{i,j) 

jev 

< ^P(Qi,, + Mi,,i?>i|Xo=j)i/(z,j) 
jev 

= P(Qi + MiR > t\Xi =i) = P{R > t\Xo = i), 
Moroever, uniformly on z G 2?, ^^^-^igf ^ = PiQo,>t)_Pin>o\Xo=^) ^ ^^^^^ ^ 

(jf ^P(7^ > 0\Xq = i). Let e = {ei)i(zv- Then, by Proposition O P(P„ > t\X,, = i) - 
t-"P(t) • [q(i) + Gq(i) + . . . + G"-iq(i) + G"e] (i). This completes the proof of LemmaO 
in view of dH]). □ 
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3. Proof of Theorem [TTil 



The following result extends Lemma 4 of (jGrevl . Il994r) . 

Lemma 3.1. Let Y G cr{Xn,Qn,i, Mn^i : n < 0,i G 2?) be a random variable s. t. 
c,-'''' limsup ^^'^f1al^^\~^'' and d-''^ := liminf ^^^f-a*T^?~^'' o-fe finite for all i E D and 
T] G {-1, 1}. Then for allieV,T] e {-1, 1}, 

limsup ^((Qi+*^_^^>'j>*ki-') < Y^^ev E-ye{-i.i} G^{i,j)c^^^ and 

p{iQ,+M,Y)■^>t\x,=^) (,) ^ . . ^ ,(7) 

Proof. Let (y,)jgx' be random variables independent of both {Xn)nez and (Qi.i, Mi^i)i^x>, 
such that P(y,- ■ r] > t) ^ P{Y ■ 77 > t|Xo = j) for G {-1, 1}. Then we have 
P{{Qi + MiY) ■ ri > t\Xi = i) = T r-r.P ( iQ^., + M,,,Y) ■ V > t)H{i,j) according 
ro (ini). To complete the proof, apply ( GrevL ll994L Lemma 4) separately to each term 
P((Qi.. + Mi,,y,)-77><). □ 

Let R* = \Qo\ + J2^=i\Q-n\]Xi=o be a stationary solution of the equa- 

tion Rn+i = + \Mn\Rn- Noticc that —R* is a stationary solution of the equa- 
tion Rn+i = -\Qn\ + \Mn\Rn. Since P{-R* < R < R*) = 1, Theorem O ensures 
that Lemma l3.ll can be applied with Y ~ R. Let a|'''' — limsup^^p^ ^*'^f-°L(t)°~''' 
and 61") = liminf*^oo^^^|^l|!g^. Denote a('') = (al")),^^, b('') - (^j"))^^^ and 
a — a'^^^ + a*^^^ , b = b*^^^^ + b'^-'^' . The application of Lemma [01 yields a < q -I- Ga and 
b > q -|- Gb, which implies (/ — G)^^q < b < a < (/ — G)~^q. This is only possible if 
a('') = b'''', the inequalities in the conclusions of Lemma [3Tl are actually equalities, and 
thus a^'') = q^i'> + Gia^'') + G-ia^"''), which implies the resuh of Theorem O 



4. Proof of Theorem 11.61 

Consider the backward chain Z„ = n G Z, with transition matrix H{x,y) = 
P(Yn = y\Yn+i = x) = • P(r„+i = y\Yn = x). Fix y* e S and a constant 

r G (0,1). Let (r7„)„ez be a sequence of i.i.d. "coins" independent of both {Zn)nei 
and iQn,z,Mn,i)^^^_^^^, such that P{7Jq = 1) = r, P(r/o = 0) 1 - r. Let A^o = 
and N, = inf{n >'n,^i : Z„ = y*,?]n ^ 1}, i e N. The blocks , . . . , J 
are independent for i > and identically distributed for i > 1. Between two successive 
regeneration times Ni the chain (Z„)„>o evolves according to a sub-Markov kernel O 
given by H{x,y) = 'd{x,y) + rI{y^y,yH{x,y), i.e. 

e{x,y) = P{Zi=y,N,>l\Zo^x). (13) 

Theorem A implies that E(e'^^^\ Zo) is u niformly bounded for some /3 > (see the 
paragraph following Theorem 1 in (|Lallevl . [l986h V For i > 0, let 



= + Q„,+,M„^ + ... + g„_^^_,M„>/„_^, . . . 
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The pairs {Ai,Bi) are independent for i > 0, identically distributed for i > 1 and 
R — Aq + X^S^i Y[7=o prove Theorem II. 61 we will verify the conditions of the 

following theorem for {Ai, Bi)i>i. 

Theorem B. \KesteA. \l97^ : \Goldi^ . \l99i ) Let {Ai,Bi)i>i he i.i.d. and 

(i) For some a > 0, £'(|yli|") ^ I and E (|Bi|"log+ \Bi\) < oo. 
(n) P(log|Si| =5-kiov some k e Z\Bi 7^ 0) < 1 for all S > 0. 
Let R^Ai+ Y.n^2 An K=i B^■ Then 

(a) lim f^PiR > t) = K+, lim rP(^ < -t) = for some K+,K^ > 0. 

(b) If P{Bi < 0) > 0, then K+=K^. 

(c) K+ + > if and only if P{Ai = (1 - Bi)c) < 1 for all c G R. 

For (3 > define matrices Hp and 8^ by setting Hij{x,y) = H{x,y)E{\MQ^^(^y'j\'^) 
and Qi3{x,y) = e{x,y)E{\Mo^^(^y^\'^). Since we have £'(nr=ol^^-'l'^I{2^=a} Zq = x) ^ 
E{\Mo\^\Zo^x)H^{x,y) and, for y ^ y*, 



E{l[,,^N^,z^=y}Y[^jM^,f\Zo = x)= E{\M„f\Zo = x)e^(x,y) 



(|RoitershteirJ . 120071 Lemma 2.3 and Proposition 2.4) show that 1^ holds and that the 
spectral r adius of Hg is 1 while the spectral radius of Qa is less than 1. Hence, see 
(2.43) in (|Maver-Wolf et al.l . l20oA . we have: 

Lemma 4.1. E{\Bi\°') = 1. 

We next show that log |_Bo| is a non-lattice random variable if y* G V. 

Lemma 4.2. Assume y* G and let V — log|A^-n| = log|i?o|- Then for any 

n=0 

S>0 we have P{V G 5 • Z| Zq y*) < 1, where S ■ Z -.^ {k ■ 6 : k e Z}. 

Proof. For y G 2? and fc G N, let denote {yi, . . . , y^) G V'^ such that 2/2 = • ■ • = ?/fc = y 
and yi — y* ■ By Lalley's Theorem A, for any y € T>, 

P{Zo = y(i),Zi = . ■,z,n-i = Zjvi-i y(2)) > (14) 

for some m > 1. Therefore, P(V G S ■ Z\Zo = (y*)) 1 along with dH]) imply: (i) 
using y = y*, P(m • log|Mo,jy. | G 5 ■ Z\Zo = (y*)) = 1; (ii) using general y e T>, 
P{{m - 1) ■ log|Afo,,,| + log|Mo,j,.| G S ■ Z\Zo = (y*)) = 1. Therefore, we would have 
P(rn{m — 1) ■ log |Mo.j,| G S ■ Z\Zo = (y*)) = 1 for any y G P, contradicting condition 
(iii) of Theorem 11.61 □ 



The proof of the next lemma is verbatim the proof of (2.44) in (jMaver-Wolf et al 



20041 ) ■ and therefore is omitted. 

Lemma 4.3. 3 /S > a s. t. P[(E,'!=o' IirJo' l^'^-d) | 

Zq] is bounded a.s. 
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Completion of the proof of Theorem \1.6[ 

(a)— (d) It follows from Lemmas I4.1H4.3I that the conclusions of Theorem B can be 
applied to {Ai,Bi). Claims (a) through (d) of Theorem II .61 follow then from the identity 
R = Aq + BqR and the independence of {Ao,Bo) of R under the conditional measures 
P{-\Zo = x). In particular, for ri G { — 1, 1}, 

l^P{R ■V>t\Zo) = SdBor (I{i3o.^>0}^+ + I{B„.,KO}^-)|^o) (15) 

Note that Theorem A-(iv) implies P{Ni is odd) > and P{Ni is even) > 0. Therefore, 
P{Mo < 0) > yields P{Bo < 0\Zq ^ x) > for all x €S. 

(e) First, (O implies P(i?„ = r(X„)) 1 provided that i?o = T{Xo). Hence if ^ is true 
and Rq = T{Xo), then i?„ can take only a finite number of values from {T{i) : i € V} 
and cannot converge in distribution to a power-tailed random variable. Therefore, ^ 
implies P{Ki{X) + K^i{X) = O) ^ I. 

Assume now P{Ki{X) + K^i{X) = O) = 1. Then ^ and Theorem [TKb) imply 
K+ = K^= 0. Then, by Theorem B, P{Ai+c{y*)Bi = c{y*)) = 1 for a constant c{y*). 
Hence P(Qo + MqR = c(y*)|Zo = y*) = 1, with R = ^j^- Since R is conditionally 
independent of (Qa, Mq) given Zo, 

P{R = ci(y*)|Zo = y*) = P{R = c,{y*)\Z^, = y*) = 1, (16) 
P{Qox{y') + Moxiy'My*) = <y*)) = 1' (17) 

for some constant ci(y*). It follows from and the Markov property that P(^R = 
ci{y*)\Zo = y) =iy y eS s. t. P{Zo = y\Z^i = y*) > 0. Then 

P{R = c(?/*)|Z_i = .x) = 1 V a; e 5 s. t. P(Zo = = a;) > 0. (18) 

Thus P{R = ci{x) = c(2/*)|Z_i = .t) = 1 whence P{Zq = y*\Z^i = x) > Q. Since y* 6 5 
is arbitrary, P(Qo,c(Zo) + ^'^cciZo)*^! (^o) = ci(Z_i)) = 1 due to ((T7]). This is exactly ^ 
once one sets r(y„) = ci(Z_„). 

Suppose now in addition that (Qo.ij -^0,1), i € T^, are non-degenerate. Since the 
system q + mci — c, q + mci = c for unknown variables q, m has a unique solution 
unless ci — ci, it follows from p7)) that ci depends on C(y*) only. Let r(z) = ci{y*) for 
i = ((y*). Then, jni) and (HH]) imply P(Qo + Mor(A:o) = r(Xij) = 1. Hence, in virtue 
of (i) of Definition[r5l P(r(X„) = c) = P{Qo + MqC = c) = 1 for some constant c e M. 
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